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Abstract 

Let U and V be finite-dimensional vector spaces over an arbitrary field 
K, and S be a linear subspace of the space C(U, V ) of all linear maps from 
U to V. A map F : S —» V is called range-compatible when it satisfies 
F(s) S Im s for all s £ S. Among the range-compatible maps are the so- 
called local ones, that is the maps of the form s H > s(x) for a fixed vector 
x of U. 

In recent works, we have classified the range-compatible group homo¬ 
morphisms on S when the codimension of S in C(U,V) is small. In the 
present article, we study the special case when S is a linear subspace of the 
space S n (K) of all n by n symmetric matrices: we prove that if the codimen¬ 
sion of S in S n (K) is less than or equal to n— 2, then every range-compatible 
homomorphism on S is local provided that IK does not have characteristic 
2. With the same assumption on the codimension of S , we also classify 
the range-compatible homomorphisms on S when K has characteristic 2. 
Finally, we prove that if S is a linear subspace of the space A„(K) of all 
n by n alternating matrices with entries in K, and the codimension of S is 
less than or equal to n — 3, then every range-compatible homomorphism on 
S is local. 
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1 Introduction 


1.1 Notation 

Throughout the article, all the vector spaces are assumed to be finite-dimensional 
and over a given arbitrary field K. Given vector spaces U and V, we denote by 
C(U. V) the space of all linear maps from U to V. Given abelian groups A and B, 
we denote by Hom(A, B ) the group of all homomorphisms from A to B. Group 
homomorphisms will be simply called homomorphisms in this article. 

Given non-negative integers n and p, we denote by M np (If€) the space of all 
matrices with n rows, p columns and entries in K. For (i,j) € [l,n] x [l,p], we 
denote by Ei j the matrix of M n]P (K) in which all the entries equal zero except 
the one at the (i,j)- spot, which equals 1. Given finite-dimensional vector spaces 
U and V, equipped with respective bases B and C, and given a linear map 
u : U — > V, we denote by Mb,c(u) the matrix of u in the bases B and C. 

We set M n (K) := M n)n (K) and we denote by S n (K) the subspace of M n (K) 
consisting of its symmetric matrices, and by A n (K) the subspace of all n by n 
alternating matrices with entries in K. Recall that a square matrix M £ M n (K) 
is called alternating whenever X T MX = 0 for all X £ K n , which is equivalent 
to having M skew-symmetric with all diagonal entries zero. 

Given a square matrix M = (rn h] ) £ M n (K), we denote its diagonal vector 
by 

m i,i 

A(M) := : € K n . 

JTln y n_ 

Given a vector X = £ K" and a map a : K —> IK, we denote by 

X a := the vector of K n deduced from X by applying a entry-wise. 

Let m,n,p,q be non-negative integers. Given respective subsets A and B of 
M m)n (K) and M P)9 (K), one sets 

A(BB:= | Q ° B \A£ A, B£B^, 

which is a subset of M m+p . n+9 (IK). Note that if A and B are respective linear 
subspaces of S n (K) and S P (K) (respectively, of A n (K) and A p (K)), then A®B is 
a linear subspace of S n+P (1K) (respectively, of A n+p (K)) with dimension dim A + 
dirnR. 
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1.2 The problem 

Let U and V be vector spaces, and S be a subset of C(U, V). A map F : S V 
is called range-compatible whenever 

Vs € <S, F(s) € Ims. 

It is called local when there exists a vector x £ U such that 

Vs € <S, F(s) = s(x). 

Clearly, every local map is range-compatible, but the converse is not true, even 
for linear maps. 

The study of range-compatible maps is a very recent topic in linear algebra. 
It is mainly motivated by its connection with spaces of bounded rank matrices 
and from the fact that it is a reformulation of the concept of algebraic reflexivity. 
The basic result in the theory of range-compatible maps is the following one. 

Theorem 1.1. Every range-compatible linear map on C(U,V) is local. 

This result was independently discovered by several authors (it is implicit in 
[2], for instance). In [5], it was extended as follows. 

Theorem 1.2. Let S be a linear subspace of C(U,V) such that codim S < 
dimC — 2. Then, every range-compatible linear map on S is local. 

Then, in [5]) this result was also extended to group homomorphisms, for 
which the upper-bound dim V — 2 turns out to be optimaQ- 

Theorem 1.3. Let S be a linear subspace of C{JJ,V) such that codim<S < 
dimC — 2. Then, every range-compatible homomorphism on S is local. 

Theorem [L21 is a major key in a generalization [Sj of an important result 
of Atkinson and Lloyd [T] on the classification of large spaces of matrices with 
rank bounded above, and it was also used in a study of invertibility preservers 
on large spaces of square matrices [S]. Further work on range-compatibility has 
appeared recently: we refer to mum for the latest developments of this topic. 

lr The upper-bound dimF — 2 is not optimal for linear maps, see Theorem 1.2 of [5] for the 
optimal bound. 
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In this article, we shall focus on the special case when S is a linear subspace 
of S n (IK) or A n (lK). Of course, S is then naturally identified with a linear sub¬ 
space of £(IK n ,]K n ) through the canonical basis of IK" - . The main motivation 
for considering such subspaces is the potential application to the study of large 
spaces of symmetric or alternating matrices with bounded rank: in further re¬ 
search, the results of this article will be used to generalize theorems of Radwan 
and Loewy on the structure of such spaces. 

The determination of the range-compatible homomorphisms on S n (IK) was 
achieved in [5], For the characteristic 2 case, we need some additional terminol¬ 
ogy before we can state the result. 

Definition 1.1. Assume that IK has characteristic 2. Let V and V' be vector 
spaces over IK. A root-linear map / : V —» V' is a group homomorphism such 
that 

V(A, x) e K x V, /( X 2 x) = A f(x). 

Note that if IK has characteristic 2 and more than 2 elements, then only the 
zero map from V to V' is both linear and root-linear. However, if ffK = 2 
root-linear maps coincide with linear maps. 

Theorem 1.4 (Theorem 3.1 of [5]). Let n > 2 be an integer. 

(a) If IK has characteristic not 2, then every range-compatible homomorphism 
on S n (K) is local. 

(b) If IK has characteristic 2, then the range-compatible homomorphisms on 
S n (lK) are the sums of the local maps and the maps of the form M i —> A(M) Q 
where a is a root-linear map from IK to IK. 

(c) If IK has more than 2 elements, then every range-compatible linear map on 
S n (K) is local. 

1.3 Main results 

Definition 1.2. Let S be a linear subspace of S n (lK). 

A range-compatible homomorphism on S is called standard when it can be 
extended into a range-compatible homomorphism on the full space S n (lK). 

Thus, if IK has characteristic not 2 and n > 2, then standard range-compatible 
homomorphisms are just local maps. If IK has characteristic 2, then a range- 
compatible homomorphism on S is standard if and only if it is the sum of a local 
map and of a map of the form M i->- A(M)“ for some root-linear form a on IK. 
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Now, we can state our main result on range-compatible homomorphisms over 
spaces of symmetric matrices. 

Theorem 1.5. Let S be a linear subspace of S n (K) such that codim5 <n — 2. 
Then, every range-compatible homomorphism on S is standard. 

If #K > 2, only the zero map is both linear and root-linear. Thus, Theorem 
11.51 yields: 

Corollary 1.6. Let S be a linear subspace of S n (IK) such that codim 5 < n — 2 
and > 2 . Then, every range-compatible linear map on S is local. 


The following counter-example demonstrates that the upper-bound n — 2 is 
optimal. For n > 2, consider the subspace S := Si(IK) ©S n _i(lK) of S n (IK). Note 
that S has codimension n — 1 in S n (K). If there exists a non-linear homomor¬ 
phism ip : IK —>• IK (which is the case if and only if IK is not a prime field) then 
the mapping 


F : (mjj) 


v{m i , i ) 
[d](n—l)xl 


is obviously range-compatible but we check that it is not standard. Indeed, as 
F is non-linear, if it is standard then IK has characteristic 2 and more than 2 
elements and there is a root-linear form a on IK and linear forms ,..., f3 n on 

r/MM)i 


S such that F : M = ( m^j ) i->- 


+ A(Af) a . Judging from the last entry 


M M )\ 

in F(M), we would find that a is both root-linear and linear, and hence a = 0; 
then we would see from the first entry of F(M) that <p is linear, contradicting 
our assumptions. 


Remark 1. An open problem remains to find the optimal upper-bound on the 
codimension on S for all range-compatible linear maps on S to be local, provided 
that IK has more than 2 elements of course. We conjecture that a reasonable 
upper-bound should be 2 dim V — 4, except for some very small fields for which 
special cases might arise. In any case, the following example shows that the 
upper-bound should be less than or equal to 2 dim V — 4. 


Consider the space U 2 of all matrices of the form 


a b 
b 0 


with ( 0 , 6 ) € IK 2 , 


and the map F : (rn t _j) £ U 


m ip 
0 


The map F is non-local. However, F 
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is range-compatible because whenever M £ Hi \ {0} satisfies F{M ) 7 ^ 0, either 
F(M ) is the first column of M or else M has rank 2 and hence its range contains 
F(M). For all n > 2, we extend this counter-example as follows: we consider 

[Oil 


the space S := U 2 © S n _ 2 (IC) and, for all M = 
B £ S n _ 2 (K), we set 

F(M) := 


[0] B 


with A £ U 2 and 


F(A) 
JO] (n—2) X1 


Then, it is easy to check that F is linear, range-compatible and non-local, 
whereas codim S = 2n — 3. 


Now, we turn to our main result on range-compatible homomorphisms on 
spaces of alternating matrices. 

Theorem 1.7. Let S be a linear subspace of A n (K) such that codim S < n — 3. 
Then, every range-compatible homomorphism on S is local. 


The following example shows that the upper-bound n— 3 is optimal. Consider 
indeed the subspace S consisting of all the alternating matrices A = (ajj) such 
that a^i = 0 for all i £ [3, n]. If 1C is not a prime field, we can choose a non-linear 
group endomorphism 92 of K, and hence 


1654 


0 

<p( a 2,l) 

J0](n-2)xl_ 


is obviously range-compatible, but it is non-linear and hence non-local. 

As in the symmetric case, the upper bound n — 3 in Theorem 11.71 does not 
seem to be optimal if we restrict the study to range-compatible linear maps. 
The following examples suggest that the optimal upper-bound in this situation 
could be 2n — 6 if ffcK > 2, and 2n — 7 if #K = 2, unless n < 3 in which case no 
provision on the codimension of S appears necessary. 


Example 2. Assume that n > 4. Consider the space IA of all matrices of M 2 (IC) 


the form 


a b 
0 a 


with (a, b ) £ 1C 2 . As in Remark[lJ one checks that 


0 a 


1-4 


is range-compatible. Now, consider the space S of all matrices of the form 


of 

b 

0 


[0] 2x2 

-A T 

[0]2x(n—4) 

A 

B 

—C T 

,[0](n—4)x2 

C 

D 
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in which A G hi, B G A 2 (K), C G M n _ 4 i2 (lK) and -D G A n _ 4 (K). One checks 
that S is a linear subspace of A n (K) with codimension 2 n — 5. The linear map 


F : (rriij) 


0 

0 

m 3,2 

_[0](n-3)xl. 


is range-compatible (as F(M ) is always a linear combination of the first two 
columns of M), but one checks that it is non-local. 

Example 3. Assume that n > 4 and = 2. We know from Theorem 11.41 that 
is range-compatible. Now, consider the space S of all matrices of 

the form 

[0] 2 X 2 -A T [0] 2x (n—4) 

A B -C T 

J0](n-4)x2 C D 



in which A G S 2 (K), B G A 2 (K), C G M n _ 4 . 2 (IK) and D G A n _ 4 (K). One checks 
that S is a linear subspace of A n (K) with codimension 2 n — 6. However, the 
linear map 


F : ( rriij ) G iS e> 


0 

0 

m 3,l 

m 4 , 2 

_[0] (n—4) X1. 


is range-compatible (as F(M) is always a linear combination of the first two 
columns of M), but one checks that it is non-local. 

As an easy consequence of Theorem 11.71 we obtain the following result. 


Theorem 1.8. Let n be an arbitrary non-negative integer. Every range-compatible 
linear map on A n (K) is local. 

Let us immediately show how this result follows from Theorem 11.71 

Proof of Theorem 1 1.8[ For n > 3, the result is a direct consequence of Theorem 
n~n On the other hand, in a linear subspace S = Ksi of C(U, V) with dimension 
at most 1, every-range compatible linear map is local: indeed, given a linear 
map F : S —>• V that is range-compatible, we have some x G U such that 
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F(s i) = si(x), and as the linear maps F and s s(x) coincide on a generating 
subset of the vector space <S, they are equal. For n < 2, the claimed result thus 
follows from that general basic point. □ 

1.4 Strategy and structure of the article 

In this article, we will follow the main method from [5], which consists in per¬ 
forming inductive proofs over the dimension of the target space V, by using 
quotient spaces. Here, a major problem appears: if S is a subspace of S n (K) or 
of A n (K), “moding out” a non-zero subspace Vo °f V yields an operator space 
S mod Vo which cannot be represented by a space of symmetric of alternating 
matrices, simply because the source and target spaces of the operators in S no 
longer have the same dimension! In order to rescue the quotient space tech¬ 
nique, it is necessary to enlarge the theorem as to encompass not only subspaces 
of S n (K), but also subspaces of S n (K)[]M niJ ,(K) for arbitrary integers n > 2 
and p > 0 (and ditto for alternating matrices instead of symmetric ones). To 
avoid the need of constantly going from matrix spaces to operator spaces, we 
shall reframe the results in terms of subspaces of self-adjoint or alternating oper¬ 
ators from U to the dual space of one of its subspaces V. Then, the generalized 
versions of Theorems P and O can be proved by induction on the dimension 
of V (with fixed U), and Theorems 11.51 and 11.71 follow from the special case when 
U = V. 

The rest of the article is organized as follows. In Section [2l we give a quick re¬ 
view of the main techniques for the study of range-compatible homomorphisms, 
that is the quotient space technique and the splitting technique. We also intro¬ 
duce some notation on duality that is used throughout the text. Sections [3] and 
2 ] are devoted to the study of range-compatible homomorphisms, respectively on 
spaces of self-adjoint operators and on spaces of alternating operators. These 
two sections are logically independent from one another, but they are essentially 
based upon similar methods. In the self-adjoint case, the main difficulty comes 
from the case of fields with characteristic 2, whereas for alternating operators 
the proof is common to all fields, but substantially more technical. 

2 Quotient and splitting space techniques 

2.1 Quotient space techniques 

We recall the following notation and result from [5j. 


Notation 2.1. Let S be a linear subspace of C(U, V ) and Vo be a linear subspace 
of V. Denote by it : V —>• V/Vq the canonical projection. Then, we set 

S mod Vo := {V o s \ s € 5}, 

which is a linear subspace of C(U,V/V o). 

Lemma 2.1. Let F : S —» V be a range-compatible homomorphism. Then, there 
is a unique range-compatible homomorphism F mod Vo : S mod Vo —> V/Vq such 
that 

Vs G S, (FmodVo)(7r o s) = 
i.e. such that the following diagram is commutative 


V 


S mod Vq 


F mod Vo 


v/v 0 . 


When Vo = 1C y for some non-zero vector y, we simply write S mody instead 
of S mod Ky, and Lmody instead of F modICy. 

In terms of matrices, the case when Vo is a hyperplane reads as follows. 

Corollary 2.2. Let S be a linear subspace of M njP (K) and F : S —>• lC n 
be a range-compatible homomorphism. Then, there are group homomorphisms 
Fi,... ,F n such that 


MM e 5, F(M) 


F n (R n (M )) 


where R\(M),..., R n (M ) denote the rows of M. 


2.2 On duality 

Notation 2.2. Given a vector space V, the dual space of V (i.e. the set of all 
linear forms on V) is denoted by V*. 
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Definition 2.3. Let V be a linear subspace of the vector space U. We denote 
by V° the linear subspace of U * consisting of the linear forms on U that vanish 
everywhere on V. 

Let ILbea linear subspace of U*. We denote by °W the linear subspace of 
U consisting of the vectors that annihilate all the linear forms in W. 

In any case, the letter “o” stands for “orthogonal”. 

Remember that if U is finite-dimensional then °(V°) = V for every linear 
subspace V of U, and (°W)° = W for every linear subspace W of U*. Moreover, 
for every linear subspace W of U*, we have a natural isomorphism 

U*/W {°W)*. 

In the rest of the article, we shall systematically use this isomorphism to identify 
U*/W with (°W)*. In particular, given a linear form /* E U*, the space U* fKf* 
is naturally identified with (Ker /*)*. 

We finish with some terminology on dual bases. 

Definition 2.4. Let U be a finite-dimensional vector space and V be a linear 
subspace of U, with respective dimensions p and n. A compatible pair of 
bases of U and V* is a pair (Bi, B|) in which Bi = (ei,... , e p ) is a basis of U 
such that (ei, ..., e n ) is a basis of V whose dual basis is B£. 

2.3 The splitting technique 

Notation 2.5. Let n,p,q be non-negative integers, and A and B be respective 
subsets of M n j,(K) and M„ ig (K). We set 

A\[B-.= ^[A B\ | (A,B) eixg}. 

The following easy lemma was established in [3j. 

Lemma 2.3 (Splitting Lemma). Let n,p,q be non-negative integers, and A and 
B be linear subspaces, respectively, of M n)P (K) and M„ )9 (]K). 

Given maps f : A—> and g : B —>• IC”, set 

f II & : \. A B}eA]lB^f(A)+g(B). 


Then: 
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(a) The homomorphisms from AU B to IK” are the maps of the form fUd’ 
where f £ Honr(M, IK n ) and g £ Hom( 6 , IK n ). 

(b) Given f £ Hom(^4, K n ) and g £ Hom( 6 , IK”), the homomorphism f\\g 
is range-compatible (respectively, local) if and only if f and g are range- 
compatible (respectively, local). 

3 Range-compatible homomorphisms on large spaces 
of symmetric matrices 

3.1 Spaces of self-adjoint operators 

The main obstacle in trying to prove Theorem 11.51 bv induction is that, given a 
vector y £ K.” \ { 0 }, the operator space 5mody can no longer be represented 
by a space of symmetric matrices. In order to circumvent that problem, we shall 
both broaden the result and frame it in terms of operators rather than in terms 
of matrices. 

Definition 3.1. Let U be a vector space and V be a linear subspace of U. A 
linear map /:£/—>• V* is called self-adjoint when 

V(x,y) £ V 2 , f(x)[y\ = f(y)[x ], 

i.e. when the bilinear form (x,y) £ V 2 t —>• f(x)[y] is symmetric. The set of all 
self-adjoint linear maps from U to T* is denoted by C S (U, V*). One checks that 
it is a linear subspace of C(U, I/*). 

Let (Bi, B£) be a compatible pair of bases of U and U*. A linear map from U 
to U* is self-adjoint if and only if its matrix in Bi and B£ is symmetric. Hence, 
we have a vector space isomorphism / £ C S (U,U*) \—> Mb 1: b^(/) £ S n (K), 
where n := dimt/. More generally, given a compatible pair (B^B^) of bases 
of U and V*, a linear map /:!/—>■ V* is self-adjoint if and only if its matrix 
in the bases Bi and Bg belongs to S„(I)[jM ni p_ n (K), where n := dim!/ and 
p := dim U. 

Remark 4. Let IT be a linear subspace of V*. Then, through the canonical iden¬ 
tification between V*/W and (°W)*, the space C S {U , V*) mod IT corresponds to 
JC S {U,(°WY). 

In particular, £ S (U,V*) corresponds to C S (U, U*) mod V°. 
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Note these identifications have no impact on the problems under scrutiny, 
which follows from the following general observation: given a linear subspace 
S of C(Ui,U 2 ) (where U\ and U 2 are arbitrary vector spaces) , a vector space 
isomorphism ip : U 2 —> U 2 and a group homomorphism F : S —> C/ 2 , the linear 
subspace S' := {p o s \ s £ 5} of C{U\,U 2 ) is isomorphic to S through : 
s 1 —> (p o s, and F' := ip o F o is a group homomorphism from S' to U 2 , 
one checks that F is range-compatible (respectively, local) if and only if F' is 
range-compatible (respectively, local). 

Combining the splitting lemma and Theorems 11.21 and 11.41 we can easily de¬ 
scribe the general form of range-compatible homomorphisms on S n (K) ]J M n)P (K) 
for arbitrary integers n > 2 and p > 0. The interpretation in terms of operators 
then reads as follows. 

Proposition 3.1. Let U be a finite-dimensional vector space and V be a linear 
subspace of U with dim V > 2. Let ((ei,..., e p ), (e*,..., e*)) be a compatible 
pair of bases of U and V*. 

(a) If IK does not have characteristic 2 then every range-compatible homomor¬ 
phism on C S (U,V*) is local. 

(b) If 1C has characteristic 2 then every range-compatible homomorphism on 
C S (U,V*) splits in a unique fashion as the sum of a local map and o/s 4 

n 

)T) a(s(efc)[efc]) for some root-linear form a on IK. 
k =1 

As a corollary, we obtain the following result. 

Corollary 3.2. Let U be a finite-dimensional vector space and V be a linear 
subspace ofU with dim!/ > 2. Then, every range-compatible homomorphism on 
C S (U, V*) can be written as Grnod V° for some range-compatible homomorphism 
G on C S (U,U*). 

Proof. Let F be a range-compatible homomorphism on C S {U , V*). If F is local, 
we have F : s 1 —> s(x) for some x € U and then it is clear that F = Gmod L" 
for G : s £ C S (U, U*) e->- s(x). 

Now, assume that K has characteristic 2. Let (e*,..., e*) be a basis of V *, 
with pre-dual basis (ei,..., e n ) of V, which we extend into a basis (ei,..., e p ) 
of U. Denote by (/*, ...,/*) the dual basis of (ei,..., e p ). One sees that 
fn+ 1 , ■ ■ ■, /p belong to V°, whereas (f*)\v = e* for all i € [1, n]. 
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By Proposition EU the map F splits as F\ + F2 with some local map F\ : 

n 

s i->- s(x) and with F 2 : s i->- ^ oe(s(ek)[ek\) e* k for some root-linear form a on IK. 

k =1 
p 

Setting G 2 : s E C S (U, U*) a ( s ( e fc)[ e fc]) /£) we check that G 2 mod V° = F 2 , 

k=l 

whereas GimodW = F\ for G\ : s € C S (U,U*) s(x). Hence, F = (G\ + 
G 2 ) modh° and G\ + G 2 is range-compatible. □ 

Now, we can extend the definition of standard maps as follows. 

Definition 3.2. Let S be a linear subspace of C S (U,V*). A range-compatible 
homomorphism on S is called standard when it can be extended into a range- 
compatible homomorphism on the full space C S (U,V*). 

In particular, when IK has characteristic not 2 the standard range-compatible 
homomorphisms are simply the local ones. Note that in any case the set of 
all standard range-compatible homomorphisms on S is a linear subspace of 
Horn (5, V*). 

We are now ready to state our main result on range-compatible homomor¬ 
phisms on spaces of self-adjoint operators. 

Theorem 3.3. Let U be a finite-dimensional vector space, V be a linear subspace 
oflJ, and S be a linear sub space of C S (U,V*). Assume that codim <S < dimV — 2 
(here, the codimension of S is meant to be the one of S in the space C S (U,V*), 
not in the full space C{U, V*) ). Then, every range-compatible homomorphism 
on S is standard. 

The special case U = V is simply Theorem 11.51 

The proof will require the following additional notation and remarks. Let S 
be a linear subspace of C S (U, V*). To <S, we can attach two operator spaces: 

• The space 

S r :={f ]v 1/65}, 

which is a linear subspace of C S (V, V*) (the subscript “r” stands for “re¬ 
stricted”); 

• And the space of all / £ S that vanish everywhere on V, which we denote 
by S m and naturally reinterpret as a linear subspace of C(U/V,V*) (the 
subscript “m” stands for “modulo”). 
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By the rank theorem, we have 


dim S = dim S r + dim S m , 


and on the other hand 

dimjC s (U, V*) = dim£ s (V, V*) + dim £(U/V, V*). 

Let (BijB^) be a compatible pair of bases of U and V*, and denote by 
Ai the matrix space representing S in them. Write Bi = (ei,... ,e p ) and set 
B'i := (ei,...,e n ) and B" := (e n+ i,..., e p ), which are bases of V and U/V, 
respectively. Every M G A4 splits as 

M = [S(M) R(M )] with S(M) G S n (K) and R(M) G M n , p _ n (lK). 

Then, the matrix space S(A4) represents S r in the bases B^ and B*. On the 
other hand, if we denote by T the subspace of A4 consisting of all its matrices 
M such that S(M) = 0, then R(T) represents S rn in the bases B" and B*. 

3.2 Basic lemmas 

Lemma 3.4. Let U be a finite-dimensional vector space with dim U > 3. Let 
W be a proper linear subspace of C S (U, U*). Then, there exist non-collinear 
vectors f* and ff of U* such that W contains no operator with range Kf* and 
no operator with range Kf£. 

Proof. Assume on the contrary that there exists a non-zero linear form /* G U* 
such that W contains a rank 1 operator with range g * for all g* G U* \ I Kf*. 
We can find a basis B of U such that the coordinates of /* in the dual basis 
B* are all equal to 1. Denote by Ai the matrix space that represents W in the 
bases B and BL Then, A4 should be a proper linear subspace of S n (K) where 
n := dim U. Set Xq := [l • • • l] T G K n . For all X G KT \ KWo, we know 
that A4 contains aXX T for some aGl \ {0}, and hence Ad actually contains 
XX T for all such X. In particular, as n > 3, we see that A4 contains E tjt for 
all i G [l,n], and it also contains Eii + Ejj + Eij + E. } i for all i and j in 
[l ,^] 2 with i j. Hence, it contains E lJ + Ej^ for all i and j in [l,n] 2 with 
i j. By linearly combining those special matrices, we obtain that A4 = S n (K), 
contradicting the fact that A4 is a proper subspace of S n (K). 

Hence, for all /* G U*, there exists g* G U* \ K/* such that W contains no 
operator with range 1 Kg*. Starting from /* = 0, we obtain /* G U* \ {0} such 
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that W contains no operator with range 1 Kf*, and then we apply the result once 
more to find some ff G U* \ 1 Kf* such that W contains no operator with range 
Kf*. □ 

Lemma 3.5. Let U be a vector space, V be a linear subspace of U, and 5 
be a linear subspace of £ S (U,V*). Assume that codim5 < dimF — 2 and 
dimy > 3. Then, there are non-collinear vectors f* and g* in V* such that 
codim(5mod/*) < dim V — 3 and codim(5mode/*) < dim V — 3. 

Proof. Let /* be a non-zero vector of V*. We say that f* is 5-good if codim(5 mod /*) < 
dim V — 3. Thus, f* is not 5-good if and only if codim 5 = dimF — 2 and 5 
contains every rank 1 operator of C S (U,V*) with range K/*. Assume that we 
cannot find non-collinear 5-good vectors. Then, we can find a basis (/*, • • • , /*) 
of V* in which no vector is 5-good. In particular, for all i G [l,n], the space 5 
contains every operator whose kernel includes V and whose range is included in 
Kf*. Summing such operators yields that 5 m = £(U/V,V*), whence 

codim 5 r = codim 5 = dim V — 2 > 0. 

Applying Lemma 13.41 we deduce that there are non-collinear vectors f* and g* 
of V * such that 5 r contains no operator whose range equals either 1 Kf* or Kg*. 

Then, f* and g* are both 5-good, which completes the proof. □ 

Lemma 3.6. Let 5 be a linear subspace of C S {U,V*) such that codim5 < 
dim V—2 and dimV > 3. Let F : S V* be a range-compatible homomorphism. 
Assume that there exist non-collinear vectors /* and ff in V* such that both 
maps F mod /* and F mod f f are local. Then, F is local. 

Proof. Subtracting a local map from F, we lose no generality in assuming that 
F mod /* = 0, in which case we have a vector x G U such that 

Vs G 5, F(s) = s(x) mod Kff, 


and 

Vs G 5, F(s) G Kff. 

In particular, we note that 

Vs G 5, s(x) G span(/*, ff). 

Now, we show that i / 0 would lead to a contradiction. We distinguish 
between three cases. 
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Case 1: x V. 

We choose a basis B = (ei,... ,e n ) of V, whose dual basis we denote by B*. 
Then, (ei, ... ,e n ,x) can be extended into a basis B of U. We denote by Ad 
the space of matrices representing S in B and B*, and we denote by P the (2- 
dimensional) space of coordinates of the vectors of span(/*, /£) in BN It follows 
from the above that Ad is a subspace of Ad' := S n (K) ]J P [] M njP _ n _i(K). 
However, dim Ad > dim Ad', whence Ad = Ad'. Denote by G : Ad —> K n 
the map on matrices that corresponds to F in the above bases. Then, the 
range-compatible homomorphism G' : P —>• K n deduced from restricting G to 
MUSLIM ^ as ran k 1! This is absurd as G', being local by Theorem 11.31 
should be a scalar multiple of the identity of P. 


Case 2: x € “span (/*, f£) and x ^ 0. 

In that case, we choose two vectors ei,e 2 of V such that f*(ej) = N;,j for all 
(i,j) £ [1, 2 ] 2 , we note that x span(ei, e 2 ), and we extend (ei, e 2 ) into a basis 
B = (ei,..., e n ) of V such that e n = x and all the vectors e^,... ,e n belong 
to ° span (f*, /£). Then, the dual basis of V* reads (/*, , ■ ■ ■, /jj). Finally, we 

extend B into a basis B of U. In the bases B and B*, the matrix space Ad that 
corresponds to S is included in A/’Jj M„ )P _ n (K), where JV denotes the subspace 
of S n (K) consisting of the matrices (sjj) such that Sj. n = 0 for all i £ [3,n]. 
Obviously, A/"]J M n>p _ n (K) has codimension n —2 in S n (K) ]J M njP _ n (K), whence 
Ad = J\f U M n)P _ n (lK). Moreover, the map that corresponds to F in those bases 
is 


G : (rriij) £ Ad 


mi,n 

[P](n—l)xl 


Define M = (rriij) € Ad by rrii j = 1 whenever i < 2 or j < 2, and 


m, 


r,0 


= 0 


otherwise. Then, G(M) = rnl 

J U J (n-l)xl 

M is spanned by [l 1 0 ■ ■ ■ 0 ] T and [0 0 1 

obvious that this range does not contain G(M ). 


, but one easily checks that the range of 
T 


l] , and hence it is 


Case 3: x £ V \ ° span(/j* r , ). 

We can extend (/*, /£) into a basis B* = (/*,..., /*) of V* such that f*(x) = 0 
for all i £ [3,^i]. We denote by (ei,..., e n ) its dual basis of V, which we extend 
into a basis B = (ei,... ,e p ) of U. Note that x £ span(ei,e 2 ), and hence there 
are scalars a and /3 such that x = ae\ +/ 3 e 2 - Now, denote by Ad the space of 
matrices representing S in B and BN Then, Ad is included in M\ ]J M niP _ n (]K), 
where M\ denotes the subspace of S n (K) consisting of all the matrices (s^j) such 
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that a syi + fi sy 2 = 0 for all i G [3, n]. 

As codim 5 < n — 2 , we see that dinr(A/"i ]J M niP _ n (lK)) < dim Ad, and hence 
Ad = Mi U M n)P _ n (lK). Then, the map that corresponds to F through the above 
bases reads 


G : ( SiJ ) i—>- 


asi, l + fis 1,2 

[0](n—l)xl 


and hence it is range-compatible. It follows from the splitting lemma that 


G' : (sij) € Mi i—>• 


a«i,i +/3 si j2 

[0](n—l)xl 


is also range-compatible. 

Applying G' to any matrix of the form 
S G S '2 (IK), yields that the linear map 


S 

[0] (n—2)x2 


[0]2x(n-2) 

[d] (n—2) X (n—2)_ 


with 


a 

b 


b 

c 


G S 2 (K) ^ 


aa + fib 
0 


is range-compatible. Yet, since ( a , fi) / (0, 0) it is obvious that this map is 
non-local. Hence, by Theorem II. 41 we have = 2. Applying the above map to 

| | then yields a + fi = 0, whence a = fi = 1 (since (a, fi) / (0,0)). A final 

contradiction then comes by applying G' to the matrix M = (rriij) G M\ defined 
by mij = m 2 j = myi = my 2 = 1 for all j G [3,n], m^ = 1, myi = m 2, 2 = 0 
and rrii.j = 0 for all (i, j) G [3,n] 2 . One checks that the range of M is spanned 



'O' 


T 



1 


0 


by the vectors 

1 

and 

1 

and that it does not include 


1 


1 


This contradicts t 

re fact that G' is range-compatible. 


1 

[0] (n—1) X1 


G'(M). 


In any of the above cases, we have found a contradiction. The only remaining 
possibility is that x = 0. Then, F is the local map s e->- s(0). □ 


3.3 Proof of Theorem 13.31 for fields with characteristic not 2 

Here, we assume that the characteristic of K is not 2. 
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We prove Theorem 13.31 bv induction on the dimension of V. The result is vac¬ 
uous if dim V < 1. If dimH = 2, then the result is obvious because the assump¬ 
tions tell us that S = C S (U,V*). Assume now that dim V > 3. By Lemma [3751 
we can pick non-collinear vectors /* and in V * such that codim(«Smod /*) < 
dim V — 3 and codim(5mod/2) < dim V — 3. However, we have a canoni¬ 
cal identification of S mod/* with a linear subspace of C S (U, (Ker /*)*), and 
dimKer/* = dimV—1. Thus, by induction, each map F mod/* is local. Lemma 
13.61 then yields that F is local. This completes the proof. 

3.4 Proof of Theorem 13.31 for fields with characteristic 2 and 
more than 2 elements 

Here, we assume that IK has characteristic 2 and more than 2 elements. Again, we 
prove the result by induction on the dimension of V. The case when dim V < 2 is 
either vacuous or trivial. Assuming that dim V > 3 and considering an arbitrary 
range-compatible homomorphism F : S —> V *, we proceed as in the above proof 
to find linearly independent forms /* and in V * such that both maps F mod /* 
and F mod // are standard. Then, F mod /* equals F' mod /* for some standard 
map F' on S. Thus, replacing F with F — F' , we see that no generality is lost 
in assuming that 

Vs G 5, F(s) € IK/*. 

Claim 1. The map F mod /'/ is local. 

Proof. Assume on the contrary that F mod // is non-local. Then, F mod // is 
the sum of a local map x i —> s(x), for some vector x € U, and of a non-zero 
root-linear map. Let us extend (/*, f£) into a basis (/*, ff, ...) of V*, and then 
consider the dual basis (ei,..., e n ) of V, which we extend into a basis (ei,..., e p ) 
of U. Denote by Ad the matrix space associated with S in the bases (ei,..., e p ) 
and (//, ...,/*), and by G : Ad —> IK n the map on matrices that corresponds to 
F. One deduces that there is a non-zero root-linear form a on IK together with 
linear form /?i, /? 3 ,..., /3 n on Ad such that 

«K i) + Pi(M)' 

? 

a(m 3i3 ) + fo(M) 

a(m n>n ) + P n {M)_ 


G : M = (rrii j) 
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On the other hand, as F mod /* = 0, it turns out that 

Vi € [3, n], VM € S, a(rn iti ) = A(M). 

As IfC has more than 2 elements, only the zero map is both root-linear and linear, 
and hence 03 = ■ ■ ■ = f3 n = 0 and, as a is non-zero, we deduce that 


Vi € [3,n], VM G S, rrii^ = 0. 


Denote by T the subspace of S n (K) consisting of all the matrices M = (m, )3 ) G 
S n (K) such that Vi G [3,n], m !; , = 0. Then, Ad C 7”[jM n ^_„(K) and 
dim(T]JM n)P _ n (K)) < dim<S, whence M. = T[]M„^_„(K). 

Denote by H : S 2 (K) —>• IK 2 the homomorphism such that 


VA G S 2 (K), G 


( 

A [0] 2 x(p— 2 ) 

v 

- H(A) 

V 

_[0](n-2)x2 [0]( n -2)x(p-2)_ 


JO] (n—2)xl 


As G is range-compatible, so is H. Note that we have a linear form 0 on S 2 
such that 

a(«i,i) + 0(A) 


H A — 1 —^ 


Then, by Theorem 11.41 the map H equals 


0 


A — (o-ij) |— y 


a'(a 1}1 ) + Qi (A) 

a , (a 2 ,2) + 02(A) 


for some root-linear form a' on K and some linear forms 9\ and 62 on S 2 (K). 
As above we would deduce from looking at the first row that a! = a, and from 
looking at the second row that a' = 0. This leads to a = 0, contradicting earlier 
results. □ 


Thus, both maps Tmod/* and F nrod /2 are local. By Lemma l3.6l the map 
F is local. This completes the inductive step. Hence, Theorem l3.3l is now proved 
for all fields with more than 2 elements. 


3.5 Proof of Theorem 13.31 for fields with 2 elements 

Here, we use a similar strategy as in the previous two proofs, but now we need 
a stronger version of Lemma 13.51 In its statement, we shall use the following 
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notation: 


r 

a 

b 

c 

75 (IK) : = 

b 

d 

0 

l 

c 

0 

e 


(a, b, c, d, e ) £ 


C S 3 (K). 


Note that 75 QK) is a linear hyperplane of S 3 (IK). 

Lemma 3.7. Assume that ffiK. = 2. Let U be a finite-dimensional vector space, 
V be a linear subspace of U, and S be a linear subspace of C S (U,V*). Assume 
that codim S < diml/ — 2 and dim V > 3. Then: 

(a) Either there exist distinct non-zero vectors ff, f£ and // in V* such that 
codim(5 mod /*) < dim V — 3 for all i € [1, 3]; 

(b) Or dimO = 3 and S is represented, in a choice of bases of U and V*, by 
730K) ]J M3 iP _30K) ; where p := dim?7. 

Proof. We use a similar line of reasoning as in the proof of Lemma 13.51 Assume 
first that S r = C S (V, V *). If S = C S (U, V*), we simply pick three distinct vectors 
in y*\{0}. If S C C S (U , V*), then S m C C(U / V ", V*), and hence there is no basis 
(/*,..., /*) of V* for which, for all i € [1, n], the linear subspace S m contains 
every operator of C{U / V., V*) with range Kf*; hence, there is a linear hyperplane 
H of V* such that, for all /* £ V* \ Id, the space S does not contain every 
operator of C S (U, V *) with range IK/*, leading to codim(5 mod /*) < dim V — 3. 
In any case, condition (a) is easily seen to hold. 

In the rest of the proof, we assume that S r C C S (V, V *) and that condition (a) 
does not hold. Then, there are distinct vectors /* and ff in V* \ {0} such that, 
for all /* £ V* \ {0, /*, //}, one has codim(<S mod /*) > dim V — 3. For any such 
/*, we deduce that S contains all the operators of C S (U,V*) with range IK/*. 
Then, as those linear forms span I/*, we learn that S m = C(U/V,V*). On the 
other hand, as there is at least one such linear form we find codim S = dim V — 2 
and hence codim S r = dirnlL — 2. As // and // are non-collinear (as they are 
distinct and non-zero, while #1K = 2), there is a basis B* = (e*,..., e*) of V * 

n n 

in which /* = ^ e\ and // = Consider the predual basis B of V, and 

k=l ~ k=2 

denote by A4 the matrix space representing S r is the bases B and B*. Note that 
M has codimension n — 2 in S n (K). Moreover, we know that, for every X £ lK n 
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Y 


'O' 



1 

with the possible exception of X\ := 

1 

and X2:= 

1 





contain XX T . As in the proof of Lemma 13.41 this shows: 


the space M. should 


• That A4 contains E^ for all i E [l,n]; 

• That M. contains + E t j for all (i.j) E [l,n] 2 such that i j. unless 
n = 3 in which case we can only assert that X4 contains E\ 2 + E 2.1 and 
-Ei,3 + E31. 

If n > 3, then we deduce that M. = S n (K), which contradicts the fact that 
codim A4 = n— 2. Therefore, n = 3, and we see from the above that 73(IK) C M. 
However dim 75 (IK) = 5 = dim X4 , whence X4 = 75 (K). Let us extend B into a 
basis B of U. Then, as S m = C(U/V, V*), we conclude that in the bases B and 
B* the matrix space 75(IK) ]J M3 ]P _3(1K) represents S. □ 


Now, let us assume that = 2. We prove Theorem [3J3] by induction on the 
dimension of V. Again, the case dim V < 2 is either vacuous or trivial. Assume 
now that dimH > 3. 


Claim 2. There are distinct non-zero forms f*, ff, ff in V* such that each 
map F mod /* is standard. 

Proof. If condition (a) from Lemma 13.71 holds, then the result is an obvious 
consequence of the induction hypothesis. Assume now that S is represented, in a 
compatible pair (B, C*) of bases of U and V*, by 75(IK) ]J M3 )P _3(1K). Set X\ := 


T 


'O' 


T 


l 

, : = 

1 

and A3 : = 

0 

and note that Ai, A2, A3 are distinct non-zero 

l 


1 


0 



vectors of K 3 . Denote by /*, ff and the corresponding vectors of V* (through 
B*). Then, as 75 (IK) contains no rank 1 matrix with range either KXi or KX2, 
we see that codim(<S mod /*) = codim(<S mod ff) = 0. On the other hand, we see 
that 5 mod/I is represented by the matrix space K 2 ]J D\ ]J D 2 ]J M2 iP _ 3(1K), 
where D 1 and D 2 respectively denote the 1-dimensional linear subspaces K x {0} 
and {0} x IK of K 2 . Combining Theorem 11.11 with the splitting lemma, we 
find that every range-compatible linear map on Smodff is local. Thus, as 
here ffK = 2, every range-compatible homomorphism on Smodff is local. In 
particular, Fmodf* is standard for all i E {1,2,3}. □ 
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We are now about to conclude the proof. Let us pick distinct non-zero forms 
/*:/2 5/3 satisfying the conclusion of Claim [21 Without loss of generality, we 
can assume that F mod f* and F mod are both local or both non-local. In 
the first case, Lemma 13.61 yields that F is local. Assume now that F mod f* 
and F mod are both non-local. We know that F mod /* = G\ mod /* and 
F mod = G 2 mod for some standard range-compatible homomorphisms G 1 
and G 2 on S. Neither G± nor G 2 is local. Moreover, the identity is the sole non¬ 
zero root-linear map from K to K. Hence, from the general form of standard 
maps that is given in Proposition 13.11 we deduce that G 1 — G 2 is local. Thus, 
replacing F with F' = F — G 1, we see that both maps F' mod /* and F' mod /£ 
are local. It follows again from Lemma 13.61 that F' is local, and we conclude 
that F = F' + G\ is standard. 

Thus, the inductive step is completed for fields with two elements. Theorem 
13.31 is now established, and Theorem Ol follows from it. 

4 Range-compatible homomorphisms on large spaces 
of alternating matrices 

4.1 Main results 

As in the symmetric case, it is necessary, in order to obtain Theorem 11.71 to 
consider a general version that applies to a larger class of operator spaces. 

Definition 4.1. Let U be a finite-dimensional vector space and V be a linear 
subspace of U. A linear map /:{/—>• V* is called alternating when 

Vx € V, f(x)[x] = 0, 

i.e. when the bilinear form (x,y) G V 2 1— > /(x) [y] is alternating. The set of all 
alternating linear maps from U to V* is denoted by £ a (U, V*). One checks that 
it is a linear subspace of C(U, V*). 

For every compatible pair (BijB^) of bases of U and V *, a map from 
U to V* is alternating if and only if its matrix in Bi and B| belongs to 
A n (K) 1J M niP _ n (]K), where n := dim V and p := dimLL 

Remark 5. Let IT be a linear subspace of V*. Through the canonical identifi¬ 
cation between V* /IT and (°IT)*, the space £ a (U, V*) mod IT corresponds to 
£a(U,(°W)*). 
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In particular, C a (U,V*) corresponds to C a {U, U*) mod V°. 

As in Remark [H such identifications have no impact on the specific problem 
we are studying. 


Let S be a linear subspace of C a {U,V*). To S, we naturally attach two 
operator spaces: the space 


S r ■= {f\v I / S 5}, 

which is a linear subspace of C a (V, V*), and the space of all f £ S such that / 
vanishes everywhere on V, which we denote by S rn and naturally identify with 
a linear subspace of C{U / V , V*). By the rank theorem, we have 

dim S = dim S r + dim S m 


whereas 

dim £ a (U, V *) = dim £ a (V, V *) + dim C(U/V, V*). 

Let (Bi,B$) be a compatible pair of bases of U and V*, and denote by A4 
the matrix space representing S in them. Write Bi = (ei,...,e p ) and set 
B'i := (ei,...,e n ) and B" := (e n +i,..., e p ), which are bases of V and U/V, 
respectively. Every M € Ad splits as 

M = [S(M) R(M )] with S(M) € A n (K) and R(M) G M niP _ n (K). 

Then, the matrix space S(M ) represents S r in the bases B^ and Bg. On the 
other hand, if we denote by T the subspace of S consisting of all its matrices M 
such that S(M) = 0, then R{T) represents S m in the bases B" and B^. 

The proper generalization of Theorem 11.71 to spaces of alternating linear 
operators is the following one. 

Theorem 4.1. Let U be a finite-dimensional vector space and V be a lin¬ 
ear subspace of U. Let S be a linear subspace of C a (U,V*) and assume tha$ 
codim S < dimE — 2 and codim S r < dimE — 3. Then, every range-compatible 
homomorphism on S is local. 

Again, the proof of Theorem 14. II will be done by induction on the dimension 
of V. The case when dimF = 3 is dealt with in Section [4.21 and the inductive 
step is performed in Section l4~3l 

2 Here, codim<S and codim S r stand, respectively, for the codimension of S in £ a {U,V *) 
and for the one of S r in L a {V, V*). 
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4.2 The case dim V = 3 


Here, we let U be a finite-dimensional vector space and V be a linear subspace 
of U with dimension 3. Let S be a linear subspace of £ a (U,V*) such that 
codim S r < dim V — 3 and codim S < dim V — 2. Then, S r = £ a (V, V*) and S m 
has codimension at most 1 in £(U/V, V*). Set p := dim!/. 

Notation 4.2. For any non-negative integer r, we denote by st r (IK) the space 
of all trace zero matrices in M r (K). 

Let us consider the bilinear form 


b : (s, t) E £{U/V, V*) x £(V*, U/V) ^ tr(v o u). 


The orthogonal complement of S m with respect to b is then a linear subspace 
of £ ( V *, U / V ) with dimension at most 1, and its orthogonal complement for 
b is S m . There are two main cases to consider: 


• Case 1: = {0}. 

Then, 5 = £ a (U,V*). 


Case 2: contains a non-zero operator, say t, with rank de¬ 

noted by r. 

We can find bases (e*, e^, e^) and (/4 ,..., f p ) of V* and U jV (with ..., f p 

Ir [0]rx(3— r) 

L[0](p_3_ r) x r [d](p—3—r)x(3— r)_ 

in those bases, the space S m is represented by the set of all matrices 


in U) in which t is represented by 


Then, 


of the form 


N 

P] (3 —r)xr 


P]rx(p-3—r) 
P](3— r)x(p- 3— r)_ 


with N € sl r (K). 


If we de¬ 


note by (ei,e2,e3) the predual basis of (e^e^e^), we find that B = 
(ei, e 2 ,es, f 4 ,,, f p ) is a basis of U. Finally, as S r = £ a {V, V*), we con¬ 
clude that there is a linear map / : A3 (IK) —> M r (K) such that S is repre¬ 
sented by the space of all matrices of the form 




[°]3x(p-3)] + 


[0]rx3 
_[0] (3—r)x3 


N + f(A) 

P](3-r)xr 


P]rx(p—3— r) 
p](3—r)x(p—3—r)_ 


with A E A3 (IK) and N E sl r (IK). 


Case 2 helps motivate the following notation. 
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Notation 4.3. Let r £ [0,3] and / : A 3 (1K) —>• M r (K) be a linear map. We 
denote by Ad f the space of all 3 by 3 + r matrices of the form 


[A [0]3xr] + 


[0]rx3 

_[0](3-r)x3 


N + f(A) 

p] (3-r)xr 


with A £ A 3 (K) and N £ s( r (K). 


Note that A4f = A 3 (IK) if r = 0. To sum up, we have proved that there 
exists an integer r £ [0,3], a linear map / : A 3 (K) —> M r (K) and a compatible 
pair of bases in which S is represented by the matrix space A4 f IlM 3 , P -3-r(K). 
However, we know from Theorem 11.31 that every range-compatible homomor¬ 
phism on M 3i p_ 3 _ r (K) is local. Thus, the splitting lemma shows that in order 
to conclude, it remains to prove the following lemma. 


Lemma 4.2. Let r £ [0,3] and f : A 3 (K) —> M r (K) be a linear map. Then, 
every range-compatible homomorphism on Mf is local. 

To prove Lemma m we start with the case r = 0. 


Lemma 4.3. Every range-compatible homomorphism on A 3 (K) is local. 


Proof of Lemma \f.3\ Let F : A 3 (K) —y IK 3 be a range-compatible homomor¬ 
phism. By Corollary 12.21 there are group endomorphisms u, g, h, i,j, k of IK such 
that 



0 —a b 


'-u(a) + g{b)' 

F : 

a 0 — c 


TT 

■ 

1 

^5" 


—6 c 0 


_-j(b) + k{c)_ 


For all (a, b, c) £ K 3 \{(0,0,0)}, the range of the alternating matrix 


is the orthogonal complement of its kernel, which is spanned by 


c 

b 


0 —a b 
a 0 — c 

—be 0 

. This leads 


to 


a 


V(a, b, c) £ IK 3 , —u(a)c + g{b)c + h(a)b — i(c)b — j(b)a + k(c)a = 0. (1) 

Fixing 6 = 0 and c = 1 and varying a, we obtain that u is linear. Similarly, one 
shows that g,h,i,j,k are all linear. Then, 0 reads 

V(o,6,c) € IK 3 , (—it(l) + A;(l))ac + (g(l) — i(l))6c + (6,(1) — j(l))a6 = 0. 
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On the left-hand side of this identity, we have a polynomial of degree at most 1 in 
each variable, and hence all its coefficients are zero. This leads to u(l) = k( 1), 
g( 1) = *(1) and h( 1) = j( 1). Therefore, F is the local map A H y AX where 

\h(iy 


X := 


“( 1 ) 

.5(1). 


□ 


Now, we prove Lemma 14.21 


Proof of Lemma f.2. The case r = 0 has already been dealt with in Lemma [4.31 
Assume now that r > 1. Let F : Aif —> K 3 be a range-compatible homo¬ 
morphism. 

Denote by T the subspace of A4j consisting of its matrices with all first three 
columns equal to 0. Then, we see that T = {0}[]A for some subspace N 
of M 3;r (IK) with codimension 1. By the splitting lemma and Theorem 11.31 the 
restriction of F to T must be local. Thus, subtracting a well-chosen local map 
from F, no generality is lost in assuming that F vanishes everywhere on T, 
a condition that will be assumed to hold throughout the rest of the proof. It 
follows that there is a homomorphism 


G : A 3 (K) -4- IK 3 


such that, for all M £ Mf, we have F(M) = where 

M = [. K(M) [?] 3xr ] with I\(M) <E A 3 (K). 

We shall prove that G is range-compatible. To do so, we distinguish between 
three cases. 


Case a: r = 3. 

Let A £ A 3 (K) \ {0}. We choose a non-zero column C of A. The subspace 
{CX T | X € K 3 } of M 3 (IK) is not included in sl 3 (!K), and hence we can find a 
rank 1 matrix B £ M 3 (K) \ sl 3 (K) whose range equals KC. Then, M 3 (K) = 
KB © s [3 (IK), and hence we can write f(A) = XB + N for some A £ K and 
some N £ s( 3 (K). Thus, A4f contains M := [A A B] , whose range equals Im A. 
Then, G{A) = F(M ) E ImM, and hence G{A) £ ImA. 

Case b: r = 2. 

Let A £ A 3 (K) \ {0}. We prove that there exists a matrix M £ AAf such 
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that M = [A [ 7 ) 3 x 2 ] and Im M = ImA, which, as in Case a, will entail that 
G(A) elm A. 


One of the columns of A, say the z-th, can be written as 


with Y e 


K . 2 \ {0}. As in Case a, we find B e M 2 (IK) \ s^IK) with range K1L Then, 
f(A) = XB + N for some A € IC and some N e s^K). It follows that we can 

A b 

find a row matrix L e Mi 2 (IK) such that 

XV 

the i-th column of A. Then, the matrix 


has all its columns collinear to 


[A [0)3x2] + 


[0]2x3 
[oj 1x3 


XB 

L 


belongs to Aif and its range equals Im A, which proves our claim. 

Case c: r = 1. 

Using Corollary 12.21 we find endomorphisms u, g, h, i,j, k, 9 of (IK, +) such that 



' 0 -a b T 


-u(a) + g(b) + 9(c) 

F : 

a 0 —cd 


h(a) — i(c) 


1 

03 

O 

0 ) 

rO 

1 

_1 


-j(b) + k(c) 


Let A e A3 (IK) be with non-zero first row. Again, we see that there exists some 
M e Mf of the form M = [ A [?) 3 xi] such that ImM = ImA: indeed, the 


2 -dimensional affine subspaces 


704 )' 

0 

0 


+ ({0} x IK 2 ) and ImA of IK 3 are non¬ 


parallel, and hence they have a common point. Thus, G(A) = F(M) e ImA. 
As in the proof of Lemma 14.31 this yields 


V(a, 6 , c) e IK 3 , (a, 6 ) 7 ^ (0,0) =>• — u{a)c+g(b)c+h{a)b—i(c)b—j(b)a+k(c)a+9(c)c = 0. 


Next, we prove that 6 = 0. We distinguish between two cases: 

• Assume that #1K > 2. Let c £ 1K\{0}. Taking b = 0, we find that — u{a)c+ 
k(c)a + 0(c)c = 0 for all a £ IK \ {0}. Thus, the group endomorphism 
X : a e IK i->- —u(a)c + k(c)a is constant on IK \ {0} with sole value —6(c)c. 
However, since IK has more than 2 elements, we can find x and y in 1K\ {0} 
such that x + y / 0, which leads to x( x ) + x(y) = x( x + y)i an d hence 
9(c)c = 0. Therefore, 9(c) = 0. 
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• Assume that ffM. = 2 . Then, u, g,h,i, j,k,9 are all linear, and hence the 
quadratic form 

(a, b, c) i ^ (—it(l) + k(l))ac+ (g(l) — i(l)) 6 c+ (L(l) — j(l))ab + 0 (l)c 2 = 0 

vanishes everywhere on K 3 \ span((0,0,1)). By Lemma 5.2 of [5j, q = 0, 
and in particular 0 ( 1 ) = 0 . 

Therefore, in any case 0 = 0. Moreover, if (a, b ) = (0,0) it is obvious that 
—u(a)c + g(b)c + h(a)b — i(c)b — j{b)a + k(c)a = 0. 


Hence, 

V(a, b, c ) € K 3 , —u(a)c + g{b)c + h(a)b — i(c)b — j(b)a + k(c)a = 0, 

which shows that G is range-compatible (see the proof of Lemma 14.31) . 

Thus, in any case we have shown that G is range-compatible. Lemma 
then yields a vector Y € K 3 such that G : A t—> AY , and we conclude that F is 

[ Y 

the local map M i->- MX for X := r , 

LLUjrxi_ 

This completes the proof in the case when dim V = 3. 


□ 


4.3 The case dim V > 3 

Here, we perform the inductive step of the proof of Theorem l4.ll Set n := dim V, 
p := dimt/ and assume that dimH > 3. 

Step 1. There exist non-collinear forms and in V* such that codim(>S mod /*) < 

n — 3 and codim(<Smod f*) r < n — 4 for all i £ {1,2}. 

Proof. Let /* € V* \ {0}. Denote by Sf the subspace of all the operators 
s € S r such that (x,y) s(x)[y] vanishes everywhere on Ker /* x Ker /*. Then, 

by the rank theorem, we have 

codim(cS mod f*) r = codim S r + (dim 5/ — dim V + l). 

Thus, in order to have 


codim(<S mod /*) r < n — 4, 
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f* 

it suffices that dim Sr < n — 1 . Assume that there are n —1 linearly independent 
vectors /*,...,/*_! in V* such that dim S'l' = dimD — 1 for all i £ [l,n]. 
Then, we extend this family into a basis B* = (/*,..., /*_ L , /*) of V*, whose 
corresponding basis of V is denoted by B. Denote by M the matrix space 
associated with S r in the bases B and B*. The assumptions show that, for 
all (i, j) £ [l,n ] 2 such that i > j, the space A4 contains Ejj — E ] t (since 
/* 

dinitSr - 7 = dimD — 1). By linearly combining those matrices, we find that 
Ai = A n (K), which means that S r = C a (V, V *). In turn, this shows that for all 
/* G V* \ {0}, we have (5mod /*) r = £ a (Ker/*, (Ker /*)*) and hence 

codim(5 mod/*) r = 0 < n — 4. 

Thus, in any case, we have found a linear subspace P of codimension 2 in V* 
such that 

V/* G V* \ P, codim(5 mod f*) r < n — 4. 

Let /ef* \ {0}. If we denote by Sf n the space of all linear maps s £ S m 
such that Ims C IK/*, the rank theorem yields 

codim(«S mod /*) = codim S + (dim(5,{*) — dim(C//F)). 

Indeed, the rank of an alternating linear map from V to V * cannot equal 1, and 
hence if s £ S satisfies Ims C Kf* then s vanishes everywhere on V, to the 
effect that s £ S m . 

Thus, in order to have 


codim(5 mod /*) < n — 3, 

it suffices that dim Sf n < dim (U/V). If there existed a basis (//,...,/*) of 

f* 

V * such that dim Sm = dim (U/V) for all i £ [l,n], then it would follow that 
S m = C(U/V, V*), and hence 

codim S = codim S r < n — 3. 

In that case, we would obtain 

codim(5mod/*) < codim S < n — 3 

whatever the choice of /* in V * \ {0}. 
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This yields a linear hyperplane H of V * such that 

V/* € V* \ H, codim(<Smod/*) < n — 3. 

Hence, for every /* £ V* \ (P U iL), the space 5mod/* satisfies the conditions 
of Theorem an However, the union of two proper linear subspaces of H* is 
always a proper subset of V*: this successively yields some // £ V \ (P U iL), 
and then we can pick // in V \ ((P + K/*) U H), so that /* and // are linearly 
independent and both spaces 5 mod /* and 5 mod // satisfy the requirements of 
Theorem an □ 

By induction, we obtain that both range-compatible homomorphisms F mod /* 
and F mod // are local, yielding vectors x\ and X 2 in U such that 

Vs £ S, F(s ) = s(xi) mod K// and F(s) = s(x 2 ) mod IK//. 

Replacing F with s F(s) — s(xi), we reduce the situation further to the point 
where there exists x £ U such that 


Vs € S, F(s) £ Kfi and F(s) = s(x) mod K/ 2 *. (2) 


Notice then that 

Vs € S, s(x) £ span(//, //). 
Step 2. The vector x belongs to V. 


Proof. Assume on the contrary that x fL V. Let us extend (/*, //) into a basis B* 
of V*, whose predual basis of V is denoted by B = (ei,..., e n ), and let us extend 
(ei,..., e n , x) into a basis B of U. Denote by M. the matrix space representing S 
in B and B*. Then, if we denote by P the subspace IK 2 x {0} of W 1 , we see that M 
is a linear subspace of A n (K) ]J P ]J M niP _ n _i(K), where p := dim U. However, 
that subspace has codimension n — 2 in A„(K) ]J M rijP _ n (lK), whereas M. has 
codimension at most n — 2 in it. Therefore, A4 = A n (K) ]J P ]J M rijP _ n _i(]K). 

Denote by G : M —> lK n the range-compatible homomorphism that is as¬ 
sociated with F in the above bases. Condition m shows that G maps every 


^ 1 , 71+1 
.[0] (n—1) X1 

homomorphism H : P —> K n such that, for all Y £ P, 


matrix M = ( rriij ) of A4 to 


Then, we have a range-compatible 


G([[0]nxn Y [0] nx(p —„—!)]) =H(Y), 
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and we see from the above form of G that Im H = lx{0}. However, by Theorem 
P the map H should be a scalar multiple of the identity, which is false since P 
has dimension 2. □ 


Step 3. The vector x belongs to Ker /* fl Ker ff . 


Proof. Assume on the contrary that x ^ ° span(/*, ). Then, we can find a 
basis of span(/*,/£) such that g\(x) = 1 and g^{x) = 0. We extend 

this basis into a basis B* = (g\, g %,..., <?*) of V* in which g*(x) = 0 for all 
i £ [2,n], and we consider the corresponding basis B of V. Obviously, x is the 
first vector of B. It then turns out that if we denote by A4 r the matrix space 
associated with S r in the bases B and B*, this space is included in A n (K) and 


every matrix in A4 r has its first column of the form 


0 

? 


. Thus, we see 


_ [0] (n—2) X 1_ 

that M r has codimension at least n — 2 in A n (K), contradicting the assumption 
that codim S r < n — 3. □ 


Step 4. One has x = 0. 

Proof. Assume on the contrary that x ^ 0. Let us consider a linear form /q on 
V such that fo(x) = 1. Then, we extend (fojffjff) into a basis B* in which 
the last n — 3 linear forms annihilate x, and we denote by B the corresponding 
basis of V, which we extend into a basis B of U. Note that x is the first vector 
of B, and hence also the first one of B. Let us denote by M. the matrix space 
associated with S in those bases. For M £ M we write 


M = [A{M) B(M)\ with A(M) £ A n (K) and B(M) £ M njP _ n (K). 


Then, we know that the first column of every matrix of M has the form 


0 

? 

? 


.[0] (n—3)xl. 

Denote by G : M — » MJ 1 the range-compatible homomorphism that corre¬ 
sponds to F in the above bases. Then, G maps every matrix ( niij ) of M to the 
0 

vector 7712,1 

_[0](n—2)xl_ 

Denote by Af the linear subspace of A n (K) consisting of its matrices ( mij) 
such that mix = 0 for all i £ [4,n]. Then, codim M = n — 3. However, 
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codim A(M) = codim S r < n — 3, whence A(A4) = M and codim<S r = n — 3. It 
follows that we can find a linear mapping 


K : A 3 (K) —► M 3 , p _ n (K) 

such that, for all C G A 3 (K), the space Ad contains a matrix of the form 

C [0] 3 x(n— 3) K{C) 

_[d](n—3)x3 [0](n—3)x(n—3) [?] (n— 3) X (p—n)_ 

Now, denote by T~L the subspace of all matrices M G Ad such that A(M) = 0. 
Then codim B(T-L) + codim S r = codim5, whence codim B(H) < 1. Thus, B(H) 
includes a linear hyperplane of M n)P _ n (K). 

For MgH, denote by B'(M ) the sub-matrix of B(M ) obtained by deleting 
all the rows starting from the fourth one, so that B'{T~i) is a linear subspace 
of M 3jP _ n (K) with codimension at most 1. Thus, for all C € A 3 (K) and N' € 
B'(T-L ), the space A4 contains a matrix of the form 

C [0]3x(n—3) K(C) + N' 

_[0](n—3)x3 [0](n—3)x(n—3) P] (n—3) X (p—n). 

Let us hnally denote by M' the space of all matrices 

[C K(C) + N'] with C € A 3 (K) and N' G B'(U). 

Applying Lemma 12. II to the subspace Vq = {0} x K n-3 of W 1 , we obtain that 


G' : (nyj) G M! i->- 


0 

m 2 ,i 

0 


is a range-compatible homomorphism. On the other hand, AT represents a space 
of alternating operators that satisfies the assumptions of Theorem 14.11 From 
the 3-dimensional case treated in Section E 2 J we deduce that G' is a local map. 
This would yield a vector X G K 3+p-n such that dim AT A' = 1. However, if 
X G IK 3 x {0} we would have dim ATX = 2 or dim AT A = 0; on the other hand, 
if X qL (K . 3 x {0}), we see that dirnATA > 2 because B'{H) has codimension 
at most 1 in M 3 ]P _ n (]K). Thus, we have a contradiction in any case, and we 
conclude that x = 0 . □ 


We conclude that, for all s € S, the vector F(s) belongs to both Kf± and 
K/j, and hence it equals 0. Thus, F is the local map s i-» s(0), which completes 
the inductive step. Thus, Theorem 14.11 is now established, and Theorem 11.71 
follows as it is a reformulation of the special case when U = V. 
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